letters for the Greek alphabet. Accordi ng to Apollonius of Messene, a second century gramma rian and teacher in Alexandria, Pytha goras sought to achieve vis ual harmony wi thin eac h letter through a sys temic use of an gles, line segme nts and circular arcs [H Wh ether this story is true remains u nresolved ; however, its existen ce does testify to a purposeful application of geo me tric method s for the construction of lett ers in the ancien t wo rld . Ca reful analysis of civic inscription s from th e Au gus tan period (27 B.c. -14 A.D .) of Imperial Rome shows that their aes thetic appeal was based on the use of rather exact geometric de signs and fixed p ropor tions [2] . The thickness of the principal strokes of a letter as compared to the letter 's he igh t was in th e ratio of 1 to 10. Ap paren tly architects of this period w ho possessed a mathematical training imposed a canon of inscrip tion d esign on their lapid ary w orkers. This cano n was adhered to for severa l generations. With the subsequent d ecline of the Roman Empire, the classical forms of the litterae lapidariae were temporarily forgotten and replaced b y the Gothic styles of th e Midd le Ages.
With the intellectual and artistic blossoming of sou thern Eu rope in the fifteenth cen tury, the p revai ling atmosphere which had separa ted ma thematics fro m aes thetics during the p revious millennium beg an to cha nge. Applicatio ns of mat hematics to space and form became mo re widely recognized and app reciated . One episode of this moveme n t was the renewed
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ques t for the "perfect alphabet. " This quest in volved ma thema tics, aesthetics, philosophical, and mystical consideratio ns and resulted in a fascinating series of conn ections between peoples and ideas. As the huma nistic sp irit grew in Italy, it manifes ted itsel f in many forms, not leas t of which was a renewed reverence for classica l studies, artifa cts and ins titutions. Latin, as a wri tte n lang uage and conveyor o f ideas , achieved a new pr om inence. Architectural fOnTISand p rincipl es of Imper ial Rome were resurrected . In particular, the theories of the architect Marcus Vitru viu s Pollio (lsi cen tu ry B.c.) once again became popular.
Lb===_ ,.-=.= .=.F igure 1: Vilruvian man.
Existing Roman ru ins and buildi ng s were so ug h t ou t and ex ami ned . Th eir geometrical features were gra p hically and physically d uplicated by the art isa ns and artists of the time. Special atten tion w as focused on the style and form of the classical inscription s, the scriptum monumentalis, found on many su ch b uild ings. The res urrected classical Roman alphabet beca me an object of admi rat ion and speculatio n and a new ge nre of theoretical and di dactical w riting ap peared, trattati delle lettre antiche, manuals d evoted to the graphica l design of the Roman alphabet. By 1459, Roman let-ters began to appear in panel paintings and frescoes. An example was in the work of Andrea Mantegna, wh o depict ed Roman buildings and monuments and emulated Roman letters in his signatu res. Ferrarese an d Pad uan miniaturists also incorporated Roman letter forms in their initials, imparting, so they believed, a classical charm to their products. These early letters were noticeably slender and possessed a dominating verticality. But gradually lettering, pa rticularly that employed in lapidary work and medallion inscrip tion, drew closer to its historical Roman exemplars. This tran sition was guided by a pronounced scho larl y debate as to the form and shape of the "perfect letter", a debate in which the geometry of the ruler and compass and theories of proportion played prominen t roles.
THE QUEST
The first noted commentaries on classical Roman lettering can be found in the writings of Veronese calligrapher and antiquarian Felice Feliciano. Feliciano dedicated a collection of such inscriptio ns copied from existing Roman structures to his friend, the artist Andrea Ma ntegna, in 1463 noting "I , Felice Feliciano , have rev ived this in the antique manner after ancient marble tablets such as are to be found in Rome and el sewhere" [3] . As a d isciple of the theories of Vitruvius, he used the Roman architec t's system of structure and proportion for the des ign of his ideal alphabet. Felician o explained :
According to ancient practice the letter is shaped from the circle and the square, the su m of whose for ms rise to 52 [50 units], from which is drawn the perfect number 10. And thus the width [of the stroke] of your letter should be one -ten th of its height. In this way the letter has as much of the circle as the square [4] .
Vitruvius, in tum, was influenced by nee-Pythagorean number theory of his time . For the ancient Greeks 10 was considered a very significant number.
It, of course, numbered the digits of the hand, establishing a special numerical relationship to the human body. For the Pythagoreans 10 was the sum of the tetractys, the numbers that represente d the four elements i.e. 1 (fire) + 2 (water) + 3 (air) + 4 (earth) = 10, 2 wh ich, in itself, represented the universe. Further, Vitruvius viewed the human form geometrically as symmetrically contained wi thin a configuration of a circle inscribed within a square: homo ad quadratum et ad circulu m. In this geometrical complex, the human form was then longitudinally divided into 10 units each of which approximated the facial dis tance from the chin to the top of the forehead. This geometrizing an d proportionalizing of the human form captured the imagination of the renaissance artistic community, particularly members such as Lorenzo Ghiberti and Leonardo da Vinci. Da Vinci's famous "Vitruvian Man" drawing depicting an individual, arms and legs extended, reaching for the circumscribing bounds of a confining circle and square, could well serve as a visual metaphor for the spi ritual and intell ectual climate o f th e times [5] . The concept of human centeredness was stre ssed by Vitruvius in his De architectura where he noted:
The n again, in the human body the centra l poi nt is naturally the navel. For if a man be placed on his back, w ith his hands and feet extended, and a pair of compasses centered at his navel, the fingers and toes of his two feet will touch the circumference of a circle described therefrom [6] . It is a fascinating realization that the humanistic trends in the graphic arts of this pe riod purposefu lly associated the proportions and sym metries of the human form with the design of letters, the eventual ve hicles for the expression of human thought.
Feliciano's suggestions for the design of an alp habet reflected the Pythagorean mys tique now resurrected in the early Renaissance that man, music, archi tecture , and ultimately the wo rld possess beauty based on a harmony of inheren t numerical proportionality. This concept of harmony and beauty was now extended to the letters of the alphabet. While earlier European scribe s drew their curved lines by visual reckoning, the calligraphers of the Renaissance, seeking higher quality and standardization and spiritu al significance for their lett ers, now employed a ru ler and compass cons tructi ons and a system of fixed proportions. Felice Feliciano's d esigns for the Roman alphabet are contained in a slender codex now fou nd in the Vatican Library (Vat. Lat. 6852) [8] . The collection of twen tyfive drawings depicting various lett ers are rendered in watercolor. Each letter contains shad ing providing a sense of d ep th for stonecu tters who wou ld consuIt the model. The instruction provided is p urely visual; a calligrapher or craftsm an would study the letters together with their indicated constructions and then duplicate the image as required. Exp lanatory text is also nonexiste nt. This treatise is beli eved to have been compiled in abou t 1460, making it the oldest ex tant reference on the classica l calligraphic reform s of th e Renaissance. Feliciano crafted each letter within the confines of a circle and a square; however, time has fad ed his original cons truction lines and they have been reproduced in later copies [ Fig. 2 ].
While the Feliciano treatise w as influential in establish ing new di rections for lettering, its format d imin- Moile also employed the guiding circle and the squa re constructs, b ut his letters were not constrained within their bounds. In his designs, geometry provided guidance wi thou t exer ting a stric t con trol. In the Alphabetum, the letter prints were made from wood block impressions. The wood block constructions and carv ing imposed certain rest rictions on letter design features. Da Mai le's sys tem of proport ions was based on a ratio of 1:12; that is, the thickn ess of the ma jor stro ke of a letter was to be 1/1 2 its height. Tw elve was possibly chosen as a multiple of the perfect n u mber 6.
At the height of the Renaissance in 1509, the las t of the ea rly theoreti cal wo rks on Roman alphabe t d esign appea red . Thi s wo rk was an appendix to a treatise on human p roportion con tained in the De Divina Proportione by Luca Pacioli. Pa cioli, a theologian and mathem atician , was the geo me try teacher of Leonardo da Vinci and a friend and companion to Piero della Francesca and Andrea Mantegna. He was known for his work on geo me tric perspective and w as we ll respected in the artis tic and scien tif ic commun ities. Pacioli's instruc tions on lettering were directed at "worthy stone cu tters and zealous followers of the craft of scu lpture an d architecture." All req uirements were ra tionalized in a humanistic light.
. . . from the human body de rives all measures and their d emonstrati on s and in it is to be foun d every ratio and propor tion by which God revea ls the innermost secrets of nature.
The ancients, after having considered the right arrangement of the human body, proportioned all their wo rk, particularly the temp les, in accordance w ith it. For in the human body they found two main figures without which it is impossible to achieve anything, namely the perfect circle .. . and the square [9] .
He stre ssed the theory that onl y the classical geometric instruments, a straight edge and a compass, were necessary for the construction of per fect letters. Pacioli further noted that he ha d written his text on letter ing to demonst ra te that "every thing comes from the discipline of mathema tics." The friar-scholar differs from his predecessors in req uiri ng a proportion w ithin letters of 1:9. In a practical sense, such a ratio produces a bu lkier letter, one more recognizable from afar. Theore tical cons iderations may ha ve also reflected Platonic th inking where it wa s believed that 9 was a mediator between the dynamic numbers 6 and 12. Pacioli's letters are beautifully illustrated within the Divina Proportione [10] [Fig. 4 ]. There is some speculation tha t Leonardo himse lf supplied the illustrations for these lette rs-he is known to have drawn the regu- lar polyhedra contained in the wo rk; however, there is no firm evidence to support this claim [11] . Da Vinci's involvement wi th the calligraphic reforms of this period is controv ersial. While he was known to comment on the geometry and p roportions of Roma n letters, no specimens of his ow n construc tions are available. An anonymo us fifteenth century manu-4 scrip t devoted to the geometric design of letters resides in the New berry Library of Chicago [ Fig. 5 ]. At times, the Newberry manuscript has been attributed to Leonardo Da Vinci; however, its authorship has never been fully confirmed . This manuscript bears many featu res, for example, the use of a 1:9 ratio, that may have influenced Pacioli's work.
The first comprehensive manual devoted solely to the art of classical lettering was Theorica et Practica deModo Scribendi by Sigismondo de Fante which appeared in In the p reface of his first pu blished writing manual. Essemplare di piu sorti iettere (560), he noted his di sdain for the geometric methods of his fellow calligraphers:
And in d rawing every curve of eac h lette r they make more circles than a sphere for the mos t pa rt contains.... I have come to the conclus ion that if Euclid , th e prince of Geomet ry, returned to this world of ours, he would never find tha t the curves o f the letters cou ld, by means of circles made w ith compasses, be cons tr ucted accordi ng to the proportion and sty le of the ancien t lett ers I15].
At the time. Cresci's letter form s attracted little follow ing , and geometric-based letter renderi ng preva iled among Ita lian calligra phers . de la Proportion des Lettres criti cized the popular theories of Fanti, Pa cioli and Du re r a nd offered the author 's own version for the construction of perfect letters [18] . A ratio of 1:10 was employed not justified on mathematical or artistic grounds bu t rather derived from the nine Muses wi th Apollo added. This calligrapher not only attemp ted to relate his letter s with Vitruvius but also associated them with classical my- While it remains questionab le if the search for the perfect letter achieved its goa l, its qu est brough t together some of the greates t minds and ar tistic ta len t of the Renaissan ce. An aesthetic dim ension was added to the p rinted and scu lpted word and geometry lent itself to prod ucing some thing living and personal.
SOME LATER EFFORTS
The concept of the "pe rfect letter" haunted the 16th-17th cen tu ry archi tect ura l and artistic scene. In a sense, its issues involved a conflict between art as an aesthetic expression and mathema tics as an aes thetic form ulation . The theo ries of Pacioli, the rationalist, DO rer, the practical artist and Tory, the mystagogue, a ll reflected a humanistic concern to seek ou t fondan cnta l laws, even those governing the shape of let-.~'l~. As the Age (If th e Enlightment ushe red in a sh.u rt'r~...enti fic sp irit, one based on precision and exactitude, it exerted an influe nce on the search for the perfec t letters. Now, design em phasis was on the style of printing fonts rather than the ha ndwritten letter. In 1640, Cardinal Richelieu es tablished, Imprimerie Royale, the Royal Prin ting Hou se. In the year 1692, Lou is XIV sought "perfect" type forms for the lettering of his presses. To sa tisfy the King's need, a commission was form ed by the Academe Royaledes Sciences and ordered to design the "perfect letter." This cornmission was chaired by Abbe' N icolas Jaugeon and sought to carry out its task assisted by the use of grid networks w ithin which each letter was de signed . The [augeon Commission, as it wa s known , issued its recommendations three yea rs later. Its geometrically pe rfect letters were each construc ted on a squa re grid composed of 2,304 sma ll squares i.e. 64 large squares each divi ded into 36 sma ller squares. See Figure 10 [1 9]. The resulting letters were precise in their constructions and were meant to serve as models for the design of typ e fonts. The royal engraver Rajon freely ada p ted the se designs an d cut fonts in a sty le henceforth to be known as remain du roi; however, in gen· eral, engravers con fronted w ith w hat the y believed as contrived geometrical pa tterns simply refused to use them. They felt tha t ultimately the human eye was the sole judge of proper form an d proportion.
Even tually the ent husia sm for litterae antiouae waned and the use of Gothic letters returned to favor, especially in the printing of religious texts.
THEISSUE REVISITEO
Rapid technological advances within the last thirty years, including the perfect ion of photocomposing and the digitalization and com puter storage and re-prod uction of images, h av e radically altered th e graphical potentials of the printing ind ustry. These new potentials have forced a rethinking of processes, techniqu es and form a ts, not least of which has been type or letter de sign. In essence, the new cha llenges have resurrected the qu est for the perfect alphabet w ith an included dimension of technological accommodation.
Intrigued by this cha llenge and recognizing "a good ma thematical problem still wa iting to be resolved ", in 1977, Dona ld Knut h of Stanford University decid ed to tackle the problem of ma thematically designing the " perfect lette r" (21}. Syste matically approaching his task, Knu th defined the problems as one of finding the "most pleasing" closed curve, MPC, to fit a set of n~given points: Z l'~; Z3 . .. Zn in the plane. He then postu lated a set of axioms to clari fy the concept of "most pleasin g."
Guide d by these postu lates, Don Knuth de rived his MPC as a piecewise continuo us curve where each seg-
CONCLUSION
This historical discussion has brie fly surveyed the conceptual development and evolu tion of a problem -the mathematical design of the letters of the Western Roman alphabet. While the pr oblem is not a pressing one in terms of utilitar ian appl ications, it possesses a certain psychologica l and intellectual, as well as mathematical appeal-the combining of mathematics with aes thetic concerns to serve the needs of communication. The various solution a ttempts have reflected on the ir tim es. It ca n be ass um ed th at th e Pythagoreans sought a visual balance and sym metry in the image of written letters to confo rm with their mystica l gestalt of cosmo logical harmony. Whereas Renaissance calligraphers strove to replicate classical exemplars, they still indulged in experimentat ion and ra tio na l izati on . Th e fa il ure of th e Ia u geo n ' s Commission 's recom mendations may, in pa rt, reflect Invarian ce. If the defining set of points Zl' Z2' Z3 ' .. Z n' are subjected to a Euclidean or projective transformation, the MPC will experience the sa me transformation . Symmetry. A cyclic permutation of the set of poin ts will not cha nge the form of the MPC. Extensionality. Points from the MPC, if added to the defining se t of points, will not alter the solution. l ocality. Each segmen t of MPC between two given points depends only on those points and their immediately adjacent points. Smoothness. MPC is everywhere differentiable. Rou ndness. If Z \, Z 2' Z), Z~are consecu tive points of a circle, the ir MPC will be a circle.
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The closed curve had to sa tisfy the following properties: I.
2.
Humanistic Mathematics Network !ollrnal #13 the rise of a sp irit of ind ivid ualism and rebellion am ong French artistlans that would later express itself so strongly in the French Revoluti on. Don Knuth's resoluti on of the situation wh ile ultimately prompted by a mathemat ical challenge, was also motivated and facilitated by the existence of new technologies. The scope and power of METAFONT and its companion TEX typesetting system has revolutionized the field of typography a nd dem onst rated how mathemati cs under the rethinking of an old problem can be applied to new fields. Interes tingly, these new resulting techn iques of typography have not narrowed choices as to the " perfect letter", rather they have broad ened options and persona lized the decision of pe rfection. Wha t a nice result!
